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A B S T R A C T

Steady-state laminar mixed convection in a cylindrical enclosure has been numerically analysed for different
values of Reynolds, Richardson and Prandtl numbers given by ≤ ≤Re500 3000, ≤ ≤Ri0 1 and

≤ ≤Pr10 500 respectively. The aspect ratio (i.e. height: radius=AR=H/R) of the cylindrical container is
considered to be unity (i.e. AR=H/R=1). The bottom and top covers of the cylindrical enclosure are kept at
different temperatures ( <T TC H), while the cylindrical surface is taken to be adiabatic. The simulations for
rotating top and bottom cover configurations yield the same numerical values of the mean Nusselt number Nu
when the thermal boundary conditions are kept unaltered. For this reason, only rotating top hot wall (i.e. C1
configuration) and rotating top cold wall (i.e. C2 configuration) have been considered for this analysis. The mean
Nusselt number Nu has been found to assume higher values in the C2 configuration than in the C1 configuration.
Moreover, it has been found that the variation of the mean Nusselt number with Richardson number in the C2
configuration is qualitatively different from that in the C1 configuration. The simulation data has been used to
propose a correlation for Nu for the range of Re Ri, and Pr considered here for both C1 and C2 configurations. In
addition to this, a regime diagram has been proposed for the C2 configuration in order to demarcate different
flow regimes.

1. Introduction

The flow induced by rotating one of the covers of a cylindrical
container has a wide range of applications (e.g. chemical processing,
bio-chemical synthesis, polymer processing, food preparation, phar-
macology). Mixed convection plays a vital role not only in heat transfer
rate applications but also influences the mixing rate for low Reynolds
number applications. Therefore, it is necessary to investigate heat
transfer characteristics and flow structure in this configuration so that
the rates of heat transfer and mixing can be optimised. However, heat
transfer and mixing rates in this configuration depend on many para-
meters such as container geometry and the rotational speed of the
cover. Two special cases of rotating flow problems are the flows on top
of a rotating disk and inside an enclosure with a rotating end cover.
Theodore von Karman pioneered the analysis of flows on top a rotating
disk and such flows are commonly referred to as von-Karman flows, and
an extensive review of such flows is provided in Ref. [1]. In addition to
this, flows in cylindrical enclosures with a rotating cover have also been
extensively analysed from various different viewpoints due to their
relevance to a range of different engineering applications. Vogel [2,3],
Ronnenberg [4] and Bertela and Gori [5] analysed fluid flows in

cylindrical enclosures with a rotating end wall, and the findings of these
studies [2–5] have subsequently been extended by Escudier [6] based
on an experimental analysis where the criterion for vortex breakdown
has been proposed in terms of aspect ratio H/R and Reynolds number
ΩR ν/2 . Fujimura et al. [7] also experimentally investigated the flow
generated by rotating end walls in a cylindrical container in which the
top cover was rotated at a higher angular velocity than angular velo-
cities at which the bottom and the side walls are rotated. The effects of
the differential rotations of the container walls on the vortex break-
down have been found to be significant by Fujimura et al. [7]. Besides
these experimental studies, several numerical investigations [8–14]
analysed fluid flows in cylindrical enclosures with a rotating end wall.
One of the fist numerical investigation was carried out by Lugt and
Haussling [8], who focused on calculating the single recirculation
bubble and verifying numerically the experimental data of Vogel [2]
and Ronnenberg [4]. In addition to this, another pioneering numerical
investigation was performed by Lopez [9] who was the first to calculate
the full extent of the flows observed by Escudier [6]. Most investiga-
tions involving a rotating end wall focused on the investigation of flows
in cylindrical containers until Pereira and Sousa [13], who investigated
vortex breakdown generated by a rotating end wall within a conical
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container. The flow produced in a conical container by a rotating end
wall has also been numerically analysed by Escudier et al. [14] who
reported that vortex breakdown is suppressed beyond a certain angle of
inclination of the sidewall for both convergent (increasing radius to-
wards the rotating end wall) and divergent (decreasing radius towards
the rotating end wall) geometries.

The analysis of heat transfer characteristics in cylindrical enclosures
with a rotating cover received relatively limited attention [10–12]. Lee
and Hyun [11] analysed the effects of Prandtl number on heat transfer
rate in this configuration and revealed that Prandtl number has an
important influence on the heat transfer characteristics and advective
transport has been found to strengthen with increasing Prandtl number.
Iwatsu [12] investigated the effects of Reynolds and Richardson num-
bers at Pr=1, in the range of 100≤ Re≤ 3000, and 0≤ Ri≤ 1, on the
flow pattern and heat transfer rate for swirling flows in cylindrical
enclosures with an aspect ratio of unity (i.e. AR=H/R=1), and a
heated rotating top wall based on numerical simulations. The analysis
by Iwatsu [12] revealed that advective (diffusive) transport strengthens
(weakens) and accordingly, the mean Nusselt number increases with
decreasing Richardson number.

There are four possible different configurations for the flows

induced by rotating one of the covers of a cylindrical container de-
pending on the boundary conditions, which are schematically shown in
Fig. 1. Existing analyses on flow induced by the rotation of one of the
end covers in a cylindrical enclosure have been summarised in Table 1,
where the boundary conditions and the governing non-dimensional
parameters for which these studies were conducted have also been
summarised along with the nature of the investigation (i.e. whether it is
experimental or numerical). It can be seen from Table 1, the majority of
the existing analyses focused only on the flow structure, and there is no
existing analysis in which the all possible configurations are in-
vestigated in terms of the heat transfer characteristics. For this purpose,
the present study focuses on a detailed analysis of the heat transfer
characteristics in cylindrical enclosures with a rotating end wall for
different boundary conditions which are schematically shown in Fig. 1.
A parametric analysis has been conducted to analyse the effects of Ri-
chardson, Reynolds and Prandtl numbers on heat and momentum
transport for a range of Reynolds, Richardson, and Prandtl numbers
(definitions are provided in Section 2) given by ≤ ≤Re500 3000,

≤ ≤Ri0 1 and ≤ ≤Pr10 500 respectively for an aspect ratio (height:
radius) of unity (i.e. = =AR H R/ 1). In this respect, the main objective
of the present paper is to demonstrate the influences of Reynolds,

Nomenclature

a [-] Bridging function
AR [-] Aspect ratio, (AR=H/R)
b [-] Bridging function
cp [J/kgK] Specific heat at constant pressure
ea [-] Relative error
f1 [-] General Function
g [m/s2] Gravitational acceleration
Gr [-] Grashof number
h [W/m2K] Heat transfer coefficient
H [m] Height of cylindrical enclosure
k [W/mK] Thermal conductivity
k0 [-] Correlation parameters
m0 [-] Correlation parameters
Nu [-] Nusselt number
Nu [-] Mean Nusselt number
Pr [-] Prandtl number
q [W/m2] Heat flux
Q [W] Heat transfer rate
R [m] Radius of cylindrical enclosure
Ra [-] Rayleigh number
Re [-] Reynolds number
Ri [-] Richardson number
T [K] Temperature
U (m/s) Characteristic velocity scales in radial direction
V (m/s) Characteristic velocity scales in tangential direction
Vϕ [-] Non-dimensional swirl velocity, ( =V vH α/ϕ )

The Greek symbols

α [m2/s] Thermal diffusivity
β [1/K] Coefficient of thermal expansion
γ̇ [1/s] Shear rate
δ, δth [m] Hydrodynamic and thermal boundary layer thickness
θ [-] Non-dimensional temperature, (θ = (T-TC)/(TH-TC))
μ [Ns/m2] Plastic viscosity
ν [m2/s] Kinematic viscosity
ρ [kg/m3] Density
τ [N/m2] Shear stress
Ω [1/s) Angular velocity
ψ [m2/s] Stream function
Ψ [-] Non-dimensional stream function, ( = ψ αΨ / )

Subscripts

adv Advective
C Cold wall
conv Convective
diff Diffusive
H Hot wall
max Maximum value
r Radial direction
ref wall Reference value Wall value
wf Condition of the fluid in contact with the wall
z Axial direction
ϕ Tangential direction

Fig. 1. Schematic diagrams of the simulation domain and different boundary condition cases where TH and TC are the hot and cold wall temperatures.
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Richardson and Prandtl numbers on mixed convection induced by a
rotating end wall in a cylindrical enclosure with an aspect ratio of unity
for different boundary conditions.

The rest of the article will be organised as follows. The necessary
mathematical background and numerical implementation will be dis-
cussed in the next section, which will be followed by a detailed scaling
analysis. Following these sections, results will be presented and sub-
sequently discussed. The main findings are summarised and conclusions
are drawn in the final section.

2. Mathematical background

2.1. Governing equations and boundary conditions

In this study, the flow is assumed to be laminar, incompressible,
steady and axisymmetric (i.e. two-dimensional). The conservation
equations in the cylindrical coordinate system take the following form
for steady-state incompressible axisymmetric swirling flows:

Mass conservation equation
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Energy conservation equation
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where μ is the dynamic viscosity, Tref is the reference temperature for
evaluating the buoyancy term −ρgβ T T( )ref in the momentum con-
servation equation in the vertical direction, and here Tref is taken to be
the cold cover temperature Tc. In addition, thermo-physical properties
(thermal conductivity, specific heat, viscosity etc.) are considered to be

constant and independent of temperature in this analysis for the sake of
simplicity.

The numerical investigation is carried out for an axisymmetric do-
main for different boundary conditions, which are schematically shown
in Fig. 1. The aspect ratio (AR=H/R) of the cylindrical container is
considered to be unity (i.e. AR=H/R=1). The bottom and top covers
of the cylindrical enclosures are kept at different temperatures
( <T TC H), while the cylindrical surface is considered to be adiabatic in
nature. The temperature difference between the top and bottom covers
are maintained small enough to ensure that the Boussinesq approx-
imation remains valid. No-slip boundary condition and impenetrable
walls indicate that all the velocity components are identically zero on
the surface of the container and at the non-rotating end wall. For the
rotating end wall, radial and axial velocity components are identically
zero due to impenetrability and no-slip conditions, and the tangential
velocity component is given by =V rΩ .

2.2. Non-dimensional numbers

The ratio between inertial and viscous forces represents the strength
of the forced convection component in this analysis. This ratio can be
quantified by the Reynolds number Re which is defined as:

=Re
ρΩR

μ

2

(4)

The natural convection component of mixed convection can be
characterised by the Grashof number, which represents the ratio of
buoyancy to viscous forces, in the following manner:

=Gr
ρ gβ TH

μ
Δ2 3

2 (5)

Another important non-dimensional number is the Rayleigh
number, Ra, which demonstrates that the ratio of the strengths of
thermal transports due to buoyancy to thermal diffusion, which is de-
fined here in the following manner:

= =Ra
ρ c gβ TH

μk
GrPr

Δp
2 3

(6)

where Pr is the Prandtl number, which is defined as:

=Pr
μc
k

p

(7)

Prandtl number shows the ratio of momentum diffusion to thermal
diffusion. The Prandtl number also represents the ratio of the hydro-
dynamic boundary layer to thermal boundary layer thicknesses. In
addition to this, Richardson number is a well-known non-dimensional

Table 1
Summary of the existing analyses on the flow induced by a rotating one of the covers of a cylindrical container involving Newtonian fluids.

Authors Year Type Rotating Wall Thermal Boundary
Conditions

Investigation
Area

=AR H R/ Ri, Re, Pr

Vogel [2] 1968 E∗ Bottom wall – Flow characteristics ≤ ≤AR1.39 2.12 ≤ ≤Re1000 2870
Vogel [3] 1975 E Bottom wall – Flow characteristics – –
Ronnenberg [4] 1977 E Bottom wall – Flow characteristics – –
Bertela and Gori [5] 1982 N∗∗ Top wall – Flow characteristics ≤ ≤AR0.5 2 =Re 100, 1000
Escudier [6] 1984 E Bottom wall – Flow characteristics ≤ ≤AR1.5 3.5 ≤ ≤Re1000 3000
Lugt and Haussling

[8]
1982 N Top wall – Flow characteristics =AR 1.58 =Re 1130, 1250, 1355

Lopez [9] 1990 N Bottom wall – Flow characteristics =AR 2.5, 3.25, 3.5 ≤ ≤Re1000 3061
Kim and Hyun [10] 1997 N Top wall >T Ttop bottom Heat transfer characteristics =AR 2 ≤ ≤Ri0.01 10 ≤ ≤Re100 2500

=Pr 0.7
Lee and Hyun [11] 1999 N Top wall >T Ttop bottom

<T Ttop bottom

Heat transfer characteristics =AR 2 − ≤ ≤Ri0.01 1∗∗∗

=Re 1600 ≤ ≤Pr0.1 10

Iwatsu [12] 2004 N Top wall >T Ttop bottom Heat transfer and flow
characteristics

=AR 1 ≤ ≤Ri0 1 ≤ ≤Re100 3000 =Pr 1

Escuider et al. [14] 2007 N Bottom wall – Flow characteristics =AR 2 =Re 1854, 2354, 3354

*E: experimental; **N: numerical; *** Negative (positive) values of Ri indicate <T Ttop bottom ( >T Ttop bottom) [11].
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parameter for mixed convection, which is used to evaluate the relative
importance of the natural to forced convection:

= =Ri Gr
Re

gβ TH
R

Δ
Ω2

3

2 4 (8)

The rate of convective heat transfer is generally characterised by the
heat transfer coefficient h, which is expressed in a non-dimensional
form in terms of the Nusselt number Nu, as:

=Nu hR
k (9)

and the heat transfer coefficient h is defined as:

= − ∂
∂

×
−

h k T
z T T

1

wf wall reff (10)

where subscript ‘wf’ refers to the condition of the fluid in contact with
the wall, Twall is the wall temperature and Tref is the appropriate re-
ference temperature, which can be taken to be TC (TH) for the hot (cold)
wall respectively. For this configuration the mean heat transfer coeffi-

cient h and Nu are given by: ∫=h h πrdr πR2 /
R

0

2 and =Nu hR k/ , re-

spectively.

2.3. Numerical implementation, grid-independency, and bench-marking

In the current study, the conservation equations of mass, mo-
mentum and energy have been solved in the framework of a finite-
volume method using a computational fluid dynamics (CFD) software
ANSYS-FLUENT, which was previously successfully used for simula-
tions of the flows induced by rotating one of the end covers of a cy-
lindrical container [14,15]. A second-order central difference scheme is
used for the discretisation of the diffusive terms and a second-order up-
wind scheme is used for the convective terms. Coupling of pressure and
velocity is achieved using the well-known SIMPLE (Semi-Implicit
Method for Pressure-Linked Equations) algorithm [16]. The con-
vergence criteria have been taken to be 10−7 for all the relative (scaled)
residuals.

Three different non-uniform meshes M1 ( ×50 50), M2 ( ×100 100)
and M3 ( ×200 200) have been investigated for each configuration, and
the normalised minimum grid spacing Δ

R
min cell, and grid expansion ratio re

for these meshes have been provided in Table 2. The numerical un-
certainties for the mean Nusselt number Nu for Re=1000 and

=Ri 0.1 at =Pr 100 are shown in Table 2. Table 2 indicates that the
maximum relative error levels (ea) between M2 ( ×100 100) and M3
( ×200 200) are under 1.0%. Based on this analysis, the simulations
have been conducted using mesh M2 ( ×100 100) for both configura-
tions, which is found to be sufficient for providing high accuracy and
computational efficiency. In addition to a grid-independency study, the
simulation results have also been compared to the simulation data by
Iwatsu [12] for different Richardson and Reynolds number values at

=Pr 1.0. As shown in Fig. 2, the present simulations results remain in
excellent agreement with the corresponding benchmark data reported
by Iwatsu [12]. Moreover, for code validation in Fig. 3 the streamlines

obtained from numerical simulations for =Re 1854 and
= =AR H R/ 2 have been compared to the experimental flow visuali-

sations reported by Escudier [6] which was used for numerical code
validation in several previous numerical studies [14,17,18]. It can be
seen from Fig. 3 that the simulation accurately predicts both the oc-
currence of the primary and secondary recirculation bubbles as well as
their size and location along the centerline. Based on the evidences
presented in Figs. 2 and 3, the numerical implementation can be con-
sidered sufficiently accurate and appropriate for the analysis under-
taken in this paper.

3. Scaling analysis

A scaling analysis has been carried out in order to elucidate the
possible influences of Reynolds, Richardson, Rayleigh and Prandtl
numbers on the mean Nusselt number. The wall heat flux in the thermal
boundary layer can be scaled as:

∼ ∼q k ΔT
δ

hΔT
th (11)

Using Eq. (11), the Nusselt number can be scaled as:

∼ ∼Nu hR
k

R
δth (12a)

or

Table 2
The details of the meshes and the numerical uncertainty for the mean Nusselt number Nu for =Ri 0.1 and =Re 1000 at =Pr 100.

Mesh Details C1 C2

M1 (50×50) M2* (100 × 100) M3 (200×200) M1 (50×50) M2* (100 × 100) M3 (200×200)

Δ R/min cell, 4.60× 10−3 2.30× 10−3 1.15×10−3 3.10×10−3 1.55× 10−3 0.78× 10−3

re 1.0287 1.0141 1.0070 1.0630 1.0307 1.0152
Numerical Uncertainty
Nu 26.5178 25.7924 25.5440 32.8294 32.2667 32.0751
ea (%) 2.7355 0.9631 1.7140 0.5938

*The mesh which is used for the numerical simulations.

Fig. 2. Comparison of present simulation results with benchmark results by
Iwatsu [12].
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∼Nu R
δ

f Re Ri Ra Pr( , , , )1 (12b)

where fı is a function of Re, Ri, Ra and Pr, which accounts for the ratio
of hydrodynamic to thermal boundary layer thicknesses (i.e.

∼δ δ f Re Ri Ra Pr/ ( , , , )th 1 ).
In order to determine the hydrodynamic boundary thickness δ , the

order of magnitudes of inertial and viscous forces in the radial direction
can be equated:

∼ρ V
R

τ
δ

2

(13)

The shear stress can be scaled as ∼τ μ U δ( / ) and thus Eq. (13) can
be rewritten as:

∼ ⎛
⎝

⎞
⎠

ρ V
R

μU
δ δ

12

(14)

Using Eq. (14), hydrodynamic boundary thickness δ can be esti-
mated as:

∼δ
μUR
ρV 2 (15)

Here, U and V are the characteristic velocity scales in radial and
tangential directions respectively, and they can be estimated as shown
in Table 3 for different flow conditions. Eq. (15) can be rewritten by
using the velocity scale ∼ +U a R b gβΔTR(Ω ) ( ) as follows:

∼ + ⎛
⎝

⎞
⎠

δ
R Re

aRe b Ra
Pr

1 1/2

(16a)

or

∼ +δ
R Re

a bRi1
1/2

1/2
(16b)

where = −a e θ Ri1 and = − −b e1 θ Ri1 , with θ1 being a parameter, ensure
∼U R(Ω ) for small values of Ri (i.e. for forced convection) whereas one

obtains ∼U gβΔTR for large values of Ri (i.e. for natural convection).
According to Ri, Eq. (16) provides different scaling estimates. For ex-
ample, for fully forced convection (i.e. Ri=0) Eq. (16) yields,

∼δ
R Re

1
1/2 (17a)

For Ri ≫ 1 (when natural convection dominates the flow) one ob-
tains:

∼ ⎛
⎝

⎞
⎠

δ
R Re

Ra
Pr

1 1/4

(17b)

Equation (17b) shows that the effects of rotation sustain even for
≫Ri 1. Substituting Eq. (16) in Eq. (12b) leads to the following scaling

estimate for the mean Nusselt number:

∼
+ ( )

Nu Re

aRe b
f Re Ri Pr( , , )

Ra
Pr

1/2 1

(18)

Equation (18) can also be rewritten based on Richardson number

Fig. 3. Comparison of computed streamlines and experimental flow visualisation [6] for =Re 1854, = =AR H R/ 2.

Table 3
Scaling estimates for characteristic velocity scales.

Velocity
Scale

Forced
Convection

Natural
Convection

Mixed Convection

∼V RΩ ∗ RΩ ∗ RΩ ∗

∼U RΩ ∗
gβΔTR ∗∗ +a R b gβΔTR(Ω ) ( )∗∗∗

* [19], ** [20], *** = −a e θ Ri1 and = − −b e1 θ Ri1 .
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using =Ra Pr Ri Re/ 2:

∼
+

Nu Re
a bRi

f Re Ri Pr( , , )
1/2

1/2 1
(19)

Equation (18) offers important physical insights into the influences
of Re, Ri, and Pr on the mean Nusselt number Nu . In the following
section, this scaling predictions will be used for discussing Re, Ri and Pr
effects on the mean Nusselt number.

4. Results & discussions

For each boundary condition configurations, some preliminary si-
mulations have been carried out for different Re values at Ri=0.1. It
has been observed that both rotating top and bottom cover configura-
tions yield the same numerical value of the mean Nusselt number (Nu)
when the thermal boundary conditions are kept unaltered, as shown in
Fig. 4. This indicates that heat transfer rate for a given set of thermal
boundary conditions remains insensitive to the orientation of the ro-
tating end wall. For this reason, only C1 and C2 configurations will
henceforth be considered in this analysis.

4.1. Reynolds number effects

The variation of the mean Nusselt number Nu with Reynolds
number Re for =Ri 0 (i.e. purely forced convection) and 0.1 (i.e. a
representative mixed convection case) at Pr=100 is shown in Fig. 5. It
can be seen from Fig. 5 that Nu increases with increasing Re for both C1
and C2 configurations. This is consistent with the scaling estimate of the
mean Nusselt number given by Eq. (18) which also suggests that Nu is
expected to increase with increasing Re. In addition, it can be observed
from Fig. 5 that the values of Nu in the C1 configuration for =Ri 0.1
(i.e. a representative mixed convection case) are smaller than those
obtained in the case of C2 configuration with the same nominal values
of Reynolds number, Re while both C1 and C2 configurations exhibit
the same numerical value of Nu for Ri=0 (i.e. purely forced convec-
tion). The orientation of hot and cold wall (whether it is top or bottom)
does not affect forced convection in cylindrical enclosures and thus the
mean Nusselt number values remain identical for both C1 and C2
configurations.

The distributions of non-dimensional swirl velocity component Vϕ
(= vH α/ ) along the vertical mid-plane ( =r R/ 0.5) for both C1 and C2
configurations are shown in Fig. 6 for different values Re at =Ri 0 (i.e.
purely forced convection) and 0.1 (i.e. a representative mixed convec-
tion case) at Pr=100. It can be seen from Fig. 6 that the magnitude of
Vϕ increases with increasing Re for both C1 and C2 configurations. In

Fig. 4. Variation of mean Nusselt number Nu with Reynolds number Re for
different boundary conditions at Ri=0.1 and Pr=100.

Fig. 5. Variation of mean Nusselt number Nu with Reynolds number Re for Ri =0 and 0.1 at Pr =100.
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addition, the magnitudes of Vϕ for the C2 configuration are greater than
those obtained in the case of C1 configuration with the same nominal
values of Re for =Ri 0.1. This suggests that the advective transport is
stronger in the C2 configuration than in the C1 configuration, which is
reflected in the higher values of the mean Nusselt number Nu in the C2
configuration (see Fig. 5).

Figs. 5 and 6 suggest a strengthening of advective transport with
increasing Reynolds number, which leads to an increase in heat transfer
rate within the enclosure. This can also be explained by integrating
convective heat transport through the boundary layer thickness on the
horizontal walls:

∫ ∫= + = − ∂ ∂Q Q Q ρc uΔTdz k T r dz( / )conv adv diff

δ

p

δ

0 0 (20)

where

∫= ∼Q ρc uΔTdz ρc UΔTδadv

δ

p p
0 (21a)

∫= − ⎛
⎝

∂
∂

⎞
⎠

∼Q k T
r

dz kΔT δ
R

( )diff

δ

0 (21b)

where δ is the hydro-dynamic boundary layer thickneess on the hor-
izontal walls. Substituting ∼ +U a R b gβΔTR(Ω ) ( ) and Eq. (16a) into
Eqs. (21a) and (21b) yields the following scaling estimates for the
magnitudes of Qadv and Qdiff :

∼ +Q kΔT Re Pr a bRi( ) [ ]adv
0.5 1/2 3/2 (22a)

∼ +Q kΔT
Re

a bRi( ) 1 [ ]diff
1/2 1/2

(22b)

Eqs. (22a) and (22b) indicate that the advective (diffusive) heat
transport Q Q( )adv diff strengthens (weakens) with increasing Re as ob-
served in Figs. 5 and 6. For this reason, the mean Nusselt number Nu
increaes with increasing Re for both C1 and C2 configuratiuons (Fig. 5).

4.2. Richardson number effects

The variations of the mean Nusselt number Nu with Richardson
number Ri are presented in Fig. 7 for both C1 and C2 configurations for
different Re values at =Pr 100. Fig. 7 shows that the variations of Nu
with Ri for C1 and C2 configurations are qualitatively different from

Fig. 6. Variation of non-dimensional swirl velocity component Vϕ along the vertical mid-plane (i.e. r/R=0.5) for different Reynolds number Re values for =Ri 0
and 0.1 at Pr=100.

Fig. 7. Variation of mean Nusselt number Nu with Richardson number Ri for
both C1 (red) and C2 (blue) configurations for different Re values at Pr =100.
(For interpretation of the references to colour in this figure legend, the reader is
referred to the Web version of this article.)
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each other. For C1 configuration, where the rotating top cover is hotter
than the bottom one, Nu monotonically decreases with an increase in Ri
according to the scaling estimation given by Eq. (19). However, as
observed from Fig. 7, the mean Nusselt number Nu increases mildly
with an increase in Ri before becoming mostly insensitive to the

changes in Richardson number Ri in the C2 configuration, where the
rotating top cover is colder than the bottom one. The difference in
behaviours between C1 and C2 configurations can be explained in the
following manner. For mixed convection (i.e. >Ri 0), the relative
strengths of inertial, buoyancy and viscous forces determine the flow

Fig. 8. Variations of non-dimensional temperature θ and swirl velocity Vϕ along the vertical mid-plane (i.e. r/R=0.5) for both C1 and C2 configurations at
Re=1000 and Pr=100.
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and heat transfer behaviours. For =Ri 0, which corresponds to purely
forced convection, the flow is governed by the inertial and viscous
forces. The influence of buoyancy force starts to strengthen with in-
creasing Ri, and therefore the competition between buoyancy and vis-
cous forces becomes increasingly important with increasing Ri. How-
ever, the C1 configuration, where the top cover is hotter than the
bottom one, represents a stable condition where the lighter hot fluid sits
on top of the heavier cold fluid so the effects of natural convection
remain significant only close to the heated top cover. In this config-
uration, the flow induced by top wall rotation is opposed by stable
stratification of fluid, and thus the net advective transport weakens and
the mean Nusselt number decreases with increasing Ri. On the other
hand, in the case of C2 configuration, where the rotating top cover is
colder than the bottom one, represents an inherently unstable config-
uration where the heavier cold fluid sits on top of the lighter hot fluid.
Thus, buoyancy force plays a more important role in the C2 config-
uration than that in the case of C1 configuration, and this buoyancy-
induced flow in the C2 configuration aids the fluid motion initiated by
the rotating end cover for small values of Ri, which leads to a marginal
increase in the mean Nusselt number Nu. However, the velocity arising
from natural convection can be scaled as gβΔTH whereas the mag-
nitude vertical velocity induced by the rotation of top wall can be taken
to scale with RΩ and the ratio of these two velocity scales yields

∼ −gβΔTH R Ri/Ω 0.5 for an aspect ratio equal to unity. This suggests
that the contribution of natural convection is expected to be weak in
comparison to the forced convection component for the range of Ri
considered here. As a result, a change in Ri has a marginal impact on
the thermal boundary layer transport beyond a mild variation in Nu due
to the introduction of natural convection in comparison to a pure-forced
convection condition (i.e. =Ri 0). As a result, the mean Nusselt number
Nu remains almost insensitive to the variation of Ri in the C2 config-
uration especially for high Ri values, as observed from Fig. 7.

The observations made from Fig. 7 can further be explained from
the distributions of the non-dimensional temperature θ and swirl ve-
locity component Vϕ along the vertical mid-plane, which are presented

in Fig. 8 for different Ri values for both C1 and C2 configurations at
=Re 1000 and =Pr 100. It can be observed from Fig. 8a that the

thermal boundary layer thickness on the bottom cover increases with
increasing Richardson number in the case of C1 configuration. This is
also consistent with the scaling estimate of δth given by Eq. (16b). This
thickening of boundary layer with increasing Ri leads to a decrease in
the Nusselt number ( ∼ ∼Nu hR k R δ/ / )th as shown in Fig. 7. A decrease
in Nusselt number with increasing Richardson number bears the sig-
nature of the wakening of advective transport. This can further be
substantiated from the distribution of the non-dimensional swirl velo-
city component along the vertical mid-plane (i.e. =r R/ 0.5) in Fig. 8a.,
which shows that the magnitude of Vϕ increases with increasing Ri only
in the vicinity of the hot (top) cover in the case of C1 configuration.
However, the magnitude of Vϕ decreases with increasing Ri towards the
bottom of the container. As a result of this, advective transport weakens
and the mean Nusselt number Nu decreases with increasing Ri in the C1
configuration. By contrast, it can be seen from Fig. 8b that the thermal
boundary layer thickness on the bottom cover is not significantly in-
fluenced by the variation of Ri in the C2 configuration. It can further be
seen from the distribution of the non-dimensional swirl velocity com-
ponent along to vertical mid-plane (i.e. =r R/ 0.5) that the magnitude
of Vϕ does not get significantly affected by a variation of Ri, which
suggests that a change in Ri has a marginal influence on the strength of
advective transport within the enclosure in the C2 configuration. As a
result of this, the mean Nusselt number Nu remains mostly insensitive
to the changes in Richardson number Ri in the case of C2 configuration
(see Fig. 7).

4.3. Prandtl number effects

The variations of the mean Nusselt number Nu with Pr for both C1
and C2 configurations are shown in Fig. 9 for =Re 1000 and 3000 at
Ri=0.1 (i.e. a representative mixed convection case). Fig. 9 indicates
that Prandtl number Pr has an important influence on Nu in both C1
and C2 configurations, and the mean Nusselt number Nu increases with
increasing Pr. This can be expected from the scaling estimation given by
Eq. (19) because the function f1 is expected to increase with increasing
Pr . The strengthening of advective transport with increasing Pr can be
explained from the distributions of θ and Vϕ along the vertical mid-
plane, which are shown in Fig. 10 for =Re 1000 at Ri=0.1. It is ap-
parent from Fig. 10 that the thermal boundary layer thickness decreases
with increasing Pr for both C1 and C2 configurations, which in turn acts
to increase the mean Nusselt number ∼Nu R δ/ th. Furthermore, the
magnitude of non-dimensional swirling velocity component Vϕ rises
with increasing Pr for both configurations. This indicates that the ad-
vective transport strengthens with increasing Pr, which is consistent
with the findings based on Fig. 9. The strengthening of advective
transport with increasing Pr can also be explained by the scaling esti-

mate of ∫=Q ρc uΔTdzadv

δ

p
0

given by Eq. (22a). Equation (22a) explicitly

shows that advective transport strengthens with increasing Pr and ac-
cordingly, the mean Nusselt number increases with increasing Pr for
both C1 and C2 configurations, as observed in Fig. 9.

4.4. Flow regimes

The variation of non-dimensional stream functions = ψ αΨ / for both
C1 and C2 configurations are shown in Fig. 11 for different Ri and Pr
values at =Re 1000. It is apparent from Fig. 11 that the flow pattern in
the C1 configuration is significantly different from those in the C2
configuration. This is also in accordance to the findings based on Figs. 7
and 8, which demonstrate that C1 and C2 configurations exhibit dif-
ferent behaviours in response to the changes in Richardson number. For

Fig. 9. Variation of mean Nusselt number Nu with Prandtl number Pr for both
C1 and C2 configurations for Re =1000 and 3000 at =Ri 0.1.
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=Ri 0 (i.e. purely forced convection), both C1 and C2 configurations
exhibit same flow structures, which is consistent with the results shown
in Figs. 5–10. It can be observed from Fig. 11 that a one-cell flow
structure is observed in the case of C1 configuration for the range of Ri
and Pr considered here, whereas the flow pattern changes depending on

Ri, and Pr in the C2 configuration at =Re 1000. The same behaviour
has also been observed for different Reynolds number values. Based
these observations, a flow regime diagram has been proposed here for
the C2 configuration for the range of Ri, Pr and Re analysed in this
study. According to this diagram, the flow patterns in the C2

Fig. 10. Variations of non-dimensional temperature θ and swirl velocity Vϕ along the vertical mid-plane (i.e. r/R=0.5) for both C1 and C2 configurations at Re
=1000 and Ri =0.1.
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configuration are classified into three different zones in terms of Ri-
chardson number Ri and Peclet number =Pe RePr (which characterises
the ratio of advective thermal transport to thermal diffusive transport)
as shown in Fig. 12. The region, where Richardson number is small (i.e.

<Ri 0.1), is termed as the Regime 1, which exhibits one-cell flow
pattern. The Regime 2 is characterised by ≤ <Ri0.1 0.7 and < Pe104

where a secondary circulation appears on the bottom wall (i.e. hot wall)
corner. The size of the circulation at the corner of the bottom wall (i.e.
hot wall) increases with increasing Ri (i.e. as the natural convection
strengthens), whereas it decreases with increasing Pe (i.e. as thermal
advection starts to dominate over thermal conduction). Finally, the
parameter space given by ≤ Ri0.7 and ≤Pe 104 is defined as the Re-
gime 3. A two-cell flow pattern occurs in the Regime 3. It needs to be
highlighted that the boundaries which distinguish one regime from
another in Fig. 12 are based on the observations made from simulation
results. As such, these boundaries should not be treated rigidly but need
to be considered only in an order of magnitude sense.

4.5. The mean Nusselt number correlation

Based on the simulation results, the following correlation for the
mean Nusselt number Nu have been proposed by Turan et al. [15] for
the C1 configuration in the parameter range given by ≤ ≤Ri0 1,

≤ ≤Re500 3000 and ≤ ≤Pr10 500 :

= +Nu k Re1 m
0 0 (23)

where ko and mo are the correlation parameters, which are listed in
Table 4. The correlation given by Eq. (23) has also been adopted here
for the C2 configuration but the values of ko and mo are different to
those in the case of C1 configuration. The predictions of the correlation
given by Eq. (23) are compared to the numerical results in Fig. 13 for
both C1 and C2 configurations. Fig. 13 demonstrates that the correla-
tion, given by Eq. (23), satisfactorily captures both qualitative and
quantitative variations of Nu with for the range of Ri, Re and Pr ana-
lysed in this study.

5. Conclusions

The effects of Richardson, Reynolds, and Prandtl numbers on heat
and momentum transport in steady state laminar mixed convection in
cylindrical enclosures with a rotating end cover and an aspect ratio
(height: radius) of unity (i.e. = =AR H R/ 1) have been numerically
analysed for different boundary conditions for top and bottom walls. It
has been found that the heat transfer rate for a given set of thermal
boundary conditions remains insensitive to whether the top or bottom
cover is rotated. For this reason, only C1 (where the top rotating wall is
heated) and C2 (where the top rotating wall is cooled) configurations
have been considered in this analysis. It has been found out that
Reynolds number and Prandtl number dependences of the mean Nusselt

Fig. 11. Distributions of non-dimensional stream function = ψ αΨ / for both C1 and C2 configurations for different Ri and Pr values at =Re 1000.
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number remain qualitatively similar for both C1 and C2 configurations,
whereas the variation of Nu with Ri is qualitatively different in these
configurations. The mean Nusselt number Nu increases with increasing
Re and Pr for both C1 and C2 configurations. However, Nu demon-
strates a monotonically decreasing trend with increasing Ri in the C1
configuration, whereas Nu exhibits a mild increase with increasing Ri
before becoming mostly insensitive to the changes in Richardson
number Ri in the C2 configuration. It has been also observed that the C1
configuration exhibits one-cell flow structure for the range of Ri, Pr and
Re considered here, whereas the flow pattern in the C2 configuration
changes significantly depending on Ri, Pr and Re values. A flow regime
diagram has been proposed for the C2 configuration for the range of Ri,
Pr and Re analysed in this study. According to this diagram, the flow
patterns are classified into three different zones; Regime 1: one-cell
flow pattern, Regime 2: A secondary circulation appears on the bottom
wall (i.e. hot wall) corner and Zone 3: Two-cell flow pattern. Finally,
based on the simulation results, a correlation for the mean Nusselt
number has been proposed for both C1 and C2 configurations, and this
correlation has been shown to satisfactorily capture both qualitative
and quantitative variations of Nu with for the range of Ri, Re and Pr
considered in this analysis.

Fig. 12. Flow regime diagram on − ×Ri Pr Re plane in the case of C2 configuration.

Table 4
Summary of the mean Nusselt number Nu correlation functions.

= +Nu k1 Rem0 0

C1 10≤ Pr < 100 and 0≤ Ri≤ 1

= − + − − +k lnPr lnPr Ri lnPr(0.015 0.003 ) (0.113 0.164)exp( (2.539 1.214 ))0

= − + − −m lnPr lnPr Ri(0.746 0.022 ) (0.367 0.83) lnPr0 (0.229 0.046)

100≤ Pr ≤ 500 and 0≤Ri ≤ 0.5
= − − −k lnPr Ri lnPr(0.283 0.947)exp( (16.76 1.874 ))0

= − + − +m lnPr lnPr Ri(0.742 0.02 ) (1.65 0.172 ) lnPr0 (0.9 0.023 )

100≤ Pr ≤ 500 and 0.5 < Ri ≤ 1
= + − +k lnPr Ri lnPr(0.065 0.012)exp( (4.187 0.161 ))0

= − + + − +m lnPr lnPr Ri( 0.188 0.135 ) (0.793 0.025 ) lnPr0 (0.107 0.137 )

C2 10≤ Pr< 100

= + + − − +k lnPr lnPr Ri lnPr(0.056 0.012 ) (0.129 0.225)exp( (3.368 3.123 ))0

= − + − −m nPr lnPr Ri(0.757 0.050 ) (0.422 0.897) lnPr0 (0.118 0.083)

100≤ Pr ≤ 500
= − − +k lnPr Ri lnPr(0.207 0.605)exp( (0.177 0.004 ))0

= − + + +m lnPr nPr Ri(0.683 0.008 ) (0.006 0.004 ) lnPr0 (0.590 0.016 )
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