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ABSTRACT

Modelling a chemical compound by a (molecular) graph helps us to obtain some required
information about the chemical and physical properties of the corresponding molecular struc-
ture. Linear algebraic notions and methods are used to obtain several properties of graphs
usually by the help of some graph matrices and these studies form an important sub area
of Graph Theory called spectral graph theory. In this paper, we deal with the sum-edge
matrices defined by means of vertex degrees. We calculate the sum-edge characteristic
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polynomials of several important graph classes by means of the corresponding sum-edge

matrices.

1. Introduction

Let G = (V, E) be a graph with | V(G) |= n vertices and
| E(G) |= m edges. For a vertex v € V(G), we denote
the degree of v by d, or dg(v). In particular, a ver-
tex with degree one is called a pendant vertex. With
slight abuse of language, one can use the term “pen-
dant edge” for an edge having a pendant vertex. If
u and v are two vertices of G connected by an edge
e, then this situation is denoted by e=uv. In such
a case, the vertices u and v are called adjacent ver-
tices and the edge e is said to be incident with u
and v. The study of adjacency and incidency with
the help of corresponding matrices is a well known
application of Graph Theory to Molecular Chemistry
and the sub area of Graph Theory dealing with the
energy of a graph is called Spectral Graph Theory which
uses linear algebraic methods to calculate eigenval-
ues of a graph resulting in the molecular energy of
that graph. In that sense, matrices are very helpful in
the spectral study of graphs modelling some chemi-
cal structures. Apart from three most important kinds
of matrices, that are Laplacian, adjacency and inci-
dency matrices, there are nearly one hundred types
of graph matrices, some giving important information
about the molecules that are modelled by the corre-
sponding graph, see e.g.[1, 2] for general notions on the
graph matrices. In [3-5], some formulae and recurrence
relations on spectral polynomials of some graphs were
calculated.
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As mentioned above, one of the ways of studying
graphs is to make use of the matrices corresponding
the graph and for this aim, a large number of matrices
have been defined and used. The most popular ones are
the adjacency, incidency and Laplacian matrices. In the
recent years, some mew matrices by means of the val-
ues of several topological indices have been defined. In
this paper, we shall consider the sum-edge character-
istic polynomials obtained as the characteristic polyno-
mial of the sum-edge matrix.

2. Sum-Edge matrices and characteristic
polynomials

One of these matrices called the sum-edge matrix of G is
a square n x n matrix SM®(G) = [ajjlnxn determined by
the adjacency of vertices as follows:

dg(vi) + dg(vj), if the vertices v; and v
ajj = are adjacent
0, otherwise.

For a graph G, we shall denote the sum-edge charac-
teristic polynomial obtained by taking the sum-edge
matrix of G instead of the classical adjacency matrix by
P¥(A). In this paper, we shall determine this sum-edge
characteristic polynomial of some well-known graph
classes and also give some general results for r-regular
graphs.
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There is a special matrix which appears in many cal-
culations in this paper. This matrix is

040 --000
4 04 ... 000
040 --000

Ap=1|- - « v . .
000 -- 040
000 -- 40 4
0 00 --- 0 4 0

The characteristic polynomial corresponding to this
matrix is denoted by P4, (1) and is equal to

ln/2) w Nk )
Pr (M) = — ko4 A2k,
20 (V) k}_oﬁ( ) (n_2k>

We now recall a well-known property of determinants:

Lemma 2.1: Ifwedivide a matrix into four block matrices
AlO
c|B |
A|lC
0B

where A and B are square matrices, the determinant of this
matrix is equal to |A| |B|.

or

We shall now determine sum-edge characteristic
polynomial of an r-regular graph. For r > 2, because of
the variety of r-regular graphs, it seems that there is no
unique method to calculate P4,(1). Only when r=2,
we can calculate this sum-edge characteristic polyno-
mial easily. As all 2-regular graphs are either cyclic
graphs when the graph is connected, or each com-
ponent is a cycle when the graph is not connected.
In the latter case, we can easily obtain this sum-edge
characteristic polynomial using determinant properties
if we know this polynomial for a connected 2-regular

graph:

Theorem 2.1: The formula for the sum-edge characteris-
tic polynomial of the cycle graph C,, obtained by means of
the sum-edge matrix is

L(n—2)/2]
Pé_@ ()\’) — _22n+1 _ Z (_’I)k24k+5
’ k=0
(" 2—k 5 n—2-2k
n—2-—2k
L(n—1)/2]
Y (ko

k=0

X n_1_k )Ln—Zk
n—1-—2k )

Proof: The sum-edge matrix of C, is

0 4000 0 0 4
4 0 400 0 00
0 4 0 40 0 00
SM(C,)=|0 0 4 0 4 0 00
000 00 4 0 4
(4 0000 0 4 0]
Hence
|l — SME(Cp)|
[~ -4 0 0 O 0 0 —4]
-4 L -4 0 O 0 0 O
0 -4 A -4 0 0 0 O
=0 0 -4 A -4 0 0 O
0O 0 0 0O 0 --- —4 A -4
-4 0 0 0 0 -+ 0 —4 A |

If we calculate this determinant according to the last
row, we get

-4 0 0 0O0---0 0 —4
A -4 0 00--0 0 O
4 » -4 00---0 0 O
=(=N""2.4/0 -4 » -40--- 0 0 O
0 0 0 0O A —4 0
0 0 0 0O —4 A —4
A -4 0 0 O 0 0 —4
—4 A -4 0 O 0 0 0
0 —4 A -4 0 0 0 0
+(=D*".4/0 0 —4 A —4 0 0 0
0 0 0 0 O —4 A 0
0 0 0 0 O 0 —4 —4
A -4 0 0 0 0
-4 ) -4 0 0 O
0 —4 A 0 0 O
+(=1)2" 1 :
0 0 O A —4 0
0 0 O —4 1 -4
0 0 0 -~ 0 —4 A

If we calculate the determinant of the first matrix with
respect to the first row and calculate the determinant of
the second matrix according to the last column, then we
get

— (_1)n+5 .16
-4 0 0 0O o0 0 0 0
A -4 0 0 O 0 0 0
-4 X2 -4 0 O 0 0 0
0O -4 A —-40 0 0 0
0 0 0 0 0 A —4 0
0 0 0 0 o -4 A -4




+ (_1)2n+3 . 16

A -4 0 - 0 0 O©
-4 A -4 ... 0 0 O
0 -4 A 0 0 O
0 0 0 A -4 0
0 0 0 -4 1 -4
0 0 0 0 —4 A
+ (_1)3n+1 16

O O O O
O O © ©
O O © O

0
0 0 0 0 0 0 —4 A
0 0 0 0 0 0 0 -4
+ (_ 1 )4”71 16
A —4 0 0 0 0
—4 A -4 0 0 0
0o —4 A 0 0 0
0 0 0 A —4 0
0 0 0 —4 A -4
0 0 0 0O —4 A
A -4 0 .. 0 0 0
4 A —4 ... 0 0 0
0 -4 & 0o 0 o
0 0 0 -« A —4 0
0 0 0 ... —4 ) —4
0 0 0 .- 0 —4 &

One can find the dimensions of the matrices are (n —
2D))x(n=2),(n—=2)x(n-2),(n—=2)x(n-2),Nn—
2) x (n—2),and (n — 1) x (n — 1), respectively.

Thanks to the determinant property of lower triangu-
lar matrices, we get

PE (1) = (=1)"216(=4)"2 + (=1)*"316P,, ,(0)
+ (_1)3n+1 16(_4)n—2
+ (=1)*"116PA, ,(A) + APA, (1)
= —32.4""2_32P, ,(A) +APa, (M)

Hence we get

L(n—2)/2]
PSCen ()\’) — _22n+1 _ Z (_—I)k24k+5
k=0

% n—2—k 5 n—2-2k
n—2-—2k
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L(n—1)/2]
+ Z (_1)k24k
k=0

n—1-—2k )

Now we calculate the sum-edge characteristic poly-
nomial of some other graph classes. We have already
considered the cycle graphs during our general study
of regular graphs. Now we start with the path graph Pj,.

Theorem 2.2: The formula for the sum-edge characteris-
tic polynomial of the path graph P, is

22 2k )
P5€()) = § : -1 24 )Ln—z
o) e =N (n—2—2k>

[(n—=3)/2]
n—3—k
—18 — k4K An—2-2k
l; =N n—3—2k
L(n—4)/2]
n—4—k
81 _1 k24k )\‘n—4—2k
+ ; =D n—4—2k

ifn > 4and Py (3) = 1, PE (L) = 22— 4, PE() = 23—
18A.

Proof: The sum-edge characteristic polynomial Py’ (1)
of a path graph P, is obtained by taking the determinant

A -3 0 0 0 --- 0 0 0
—3 % -4 0 0 0 0 0
0 -4 A -4 0 0 0 0
ey |0 O —4 A -4 0 0 ©
M=
0 0 0 0 0 -~ A —4 0
0 0 0 0 0 —4 % -3
0 0 0 0 0 -~ 0 =3 A

For n=1, the one dimensional matrix whose single
entry is 0. Therefore Pﬁ,‘j (L) = A.For n=2,3, the proof is
obvious.

If we calculate Pﬁ,‘i (A) for n > 4 with respect to the
first row, we get

A -4 0 0 0 0 0 O
—4 A -4 0 0 0 0 O
0 -4 » —-40 ---0 0 O
PE(G)=1/0 0 —4 A —4... 0 0 O
0 0 0 0 O -4 ) -3
0 0 0 0 O 0 -3 A
—3-40 0 0 0 0 0
0 » -4 0 0 0 0 0
0 -4 A -4 0 0 0 0
+3/0 0 -4 A -4 0 0 0
0 0 0 0 O -4 A -3
0 0 0 0 O 0 -3 &
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If we calculate the determinant of the second matrix
according to the first column, we get

A -4 0 0 0 0 0 0
—4 A -4 0 0 0 0 O
0 -4 » -4 0 --- 0 0 0
PEM=A[0 0 —4 A —4 -~ 0 0 0
0 0 0 0 O -4 ) -3
0 0 0 0 O 0 -3 A

A -4 0 0 0 0 0 O

—4 A -4 0 0 0 0 0

0 —4 » —4 0 0 0 0

~9/0 0 -4 A -4 0 0 O

0 0 0 0 O —4 A -3

0 0 0 0 O 0 -3 A

The dimension of the first matrix is (n — 1) x (n —1)
and the dimension of the second matrix is (n — 2) x
(n — 2). Let’s calculate the determinant of the first and
second matrices with respect to the last row, then we
get

A —4 0 0 0 O
-4 ) —4 0 0 O
0 —4 2 0 0 0
= —3x(—1)23 : :
0 0 O A —4 0
0 0 O -4 0
0 0 O 0 —4 -3
A -4 0 0 0 O
—4 ) —4 0 0 O
0 —4 2 0 0 O
+ (=122 . . . .
0 0 O A —4 0
0 0 O —4 ) -4
0 0 O 0 —4 A
A —4 0 0 0 O
—4 A —4 0 0 O
0 —4 A 0 0 O
+27(=1)%"3 .
0 0 0 A —4 0
0 0 0 -4 1 0
0 0 0 0 -4 -3
+ =9 (=12~
A -4 0 .- 0 0 0
—4 A —4 ... 0 0 0
0 -4 A -~ 0 0 0
0 0 o0 A -4 0
0 0 O -4 ) -4
0 0 O 0 —4 A

If we calculate the determinants of first and third matri-

ces according to the last column, we get

A =4 0 0 0 0
-4 1 -4 0 0 0
0 —4 A 0 0 0
-y . )
0 0 0 A =4 0
0 0 0 4 % -4
0 0 0 0 —4 A
A —4 0 0 0 0
-4 A -4 0 0 0
0 —4 A 0 0 0
A2 . . .
0 0 0 A =4 0
0 0 0 -4 A -4
0 0 0 0 —4 A
A —4 0 0 0 0
-4 1 -4 0 0 0
0 —4 A 0 0 0
L81l. .. ,
0 0 0 A —4 0
0 0 0 -4 A -4
0 0 0 0 —4 A
A —4 0 0 0 0
-4 1 -4 0 0 0
0 -4 A 0 0 0
—9 :
0 0 0 A -4 0
0 0 0 -4 1 -4
0 0 o .-~ 0 —4 A

The dimension of the first and last matrices are (n —
3) x (n — 3); the dimension of the second matrix is
(n — 2) x (n — 2),and finally the dimension of the third
matrixis (n —4) x (n — 4).

5 (W) =2A2Pa, (M) — 184P4, 5 (A) 4+ 81Pa,_,(1).

Consequently, we can write the formula for sum-edge
characteristic polynomial of the path graph P, as fol-
lows:

L(n=2)/2] i N —2—k )
PS€ 1) = -1 24 )\'n—Z
o) kZ_O & (n -2- 2k>

L(n=3)/2]

n—3—k
; =D (n -3- 2k>
L(n—4)/2]
n—4—k
+ ; D (n —4-— Zk)

Now we can obtain the sum-edge characteristic poly-
nomial of the tadpole graphs:
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Theorem 2.3: The formula for the sum-edge characteris- If we calculate the third determinant with respect to the
tic polynomial of the tadpole graph T, ; obtained by means second row and calculate the last determinant accord-
of the sum-edge matrix is ing to the last row, we get

Pa,_,(x) (A% —16
A ) s PE (M) = —16P4,_,(A) + A%P4,_, (1)
—50AP4, , (M) —25-22 3%, s=1 '
50(A2 — 9)(Pa, ,(A) + 2%, s=2 0 4+ —4 00.- 000
- Ar-2 ' s| 504 %+ 40 0 0 0
PTr,s ()") = )\'PA571 ()\’) [)\’PArf'I ()\’) + a . . . . . e . . .
— 50 (Pa,_,(1) +2774)] 00 0 0 0 -- -4 A —4
+Pa,_y (M) [—34AP,_, (W) 0 0 0 0 0 .- 0 —4 2
+450 (Pa, , (M) +277%)] A -4 0 0 0 0 0
+225PA,_s(MP4,_(A), s> 2. 0 0 —4 0 0 0 0
0 0 1 —4 0 0 O
Proof: Lets=1.First note that +40 0 0 -4 Y
A -4 0 0 O 0 0 0 0 0 0 0 0 -4 &
—4 A -5 0 0 0 0 -5 0 -5 0 0 0 0 -4
0 51 —40 ---0 0 O 45 (1)t
PEM=[0 0 —4 % —4 ... 0 0 0
’ S . A0 0 00 0 0 O
0O 0 0 0 0 --- —4 ) —4 0 A -4 00 0O 0 o
0 -50 0 0 --- 0 —4 A 5_(_1)r+30_4 A —40 0 0 O
If we calculate this determinant with respect to second 00 0 00 -4 A1 —4
row, we get 00 0O 0 O0- 0 —4 A
A -4 0 0 0 0 O
-4 0 0 0 O 0 0 O 0 -5 i _a 0 0 o
-5 A —4 0 0 0 0 o0 0 0 -4 2 0 0 o
4|0 4 2 40 0 0 0 +-4/0 0 0 -4 0 0 0
0 0 0 0 O -4 A -4 0 0 0 0 0 -4
-5 0 0 0 0 0o —4 0 0 0 0 0 0 —4
A 0 0 0 O 0 0 o0
0 -4 00 0 0 0 Then we get
0 -4 1 —4 0 0 0 O
+ A
00 0 0 0 —4 ) -4 F,(0) =Pa,_, (1) (A% — 16) — 504P,, ,(3)
0 0 0 0 O 0 —4 i 5.3,
A —4 0 0 0 0 0 o0
0 -5 -4 0 0 0 0 o0 .
0 0 A -4 0 0 0 0 Lets:Z.TheformofPTrrz()\) is
+5(0 0 -4 1 —4 0 0 0
: se
A
0 0 0 0 0 --- —4 A —4 ()
0 -5 0 0 0 --- 0 —4 & A -30 0 0 0O0---0 0 O
-3 A2 -50 0 0O0---0 0 O
)3
T EDTE) 0 512 -50 00--0 0 =5
A -4 0 0 0 --- 0 0 0 0 0 -5% —400---0 0 0
0 -5 » —4 0 0 0 O =0 0 0 -4 » —40---0 0 O
0 0 —4 A O 0 0 O : . S
- 0 0 0 O 0 0-4 1 —4 0
0 0 0 0 O —4 A -4 0 0 0 O 000 —4 » —4
0 -5 0 0 0 0 —4 A 0 0 =50 000 0 —4 2
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If we calculate this determinant with respect to the third
row, then we get

A 0 O O O O o0 - 0O 0 O
-3 -50 0 O O0 O0- 0 O O
0O -5 x»x —-40 0 O0- 0 0 O
0 0 —4 A\ 4 0 O - 0O 0 O
=50 0 0 -4 A —-40 - 0O 0 O
o o0 O .-~ 0 00-4 Xx -4 0
o o0 O --- 0 00 O0 -4 A 4
o -50 .--- 0 O0O0O0O 0 —4 A
A -3 0 0 0 00O 0 0 O
-3 A 0 0 0 O O 0O 0 O
0O 0 A -4 0 O O- 0 0 O
0O 0 4 A —4 0 O - 0 0 O
+A/0 0 0 —4 A —-40 - 0O 0 O
0O 0 O 0 0 0-4 A -4 0
0 0 O 0 00 0 —4 A —4
0O 0 O 0O 000 0 —4 A
A -3 0 0 O 0 O0-- 0 0 O
-3 A =50 0 0 O- 0 0 O
0O 0 -5-40 0O0- 0O 0 O
0O 0 0 A —4 0 O - 0O 0 O
+5/0 0 0 —4 A —40 - 0O 0 O
0O 0 O O 0 04 » —4 0
0O 0 O O 0 00 —4 A —4
0 0 -5 0 0 00 0 —4 A\

+ (=) (=5)
A =3 0 0 0 0 0 0 0
-3 A2 -5 0 0 0 0 0 0
0 0 -5 A -4 0 0 0 0
0 0 0 -4 A -4 0 0 0
0 0 0 0 -4 A —4 0 0
0 0 0 0 0 0 —4 A\ 4
0O 0 0 o 0 0 0 —4 A
0 0 -5 0 0 0 0 0 —4

If we calculate the determinant of the third matrix
according to the third row, this third determinant
becomes

A =3 0 0 0 0 O 0 0
-3 X -5 0 0 0 O 0 0
0 0 0 -4 O 0 O 0 0
0 0 0 A —4 0 O 0 0
0 0 0 4 x» —40 0 0
0 0 0 o --- 0 0 —4 X1 -4
0 o -5 0 --- 0 O O -4 A

If we continue to reduce this determinant according to
the third row until the lower right block matrix is in the

form [ % *], then the third determinant is calculated.

Similarly continuing, we get
PE, () =Pa,_, (MW — 342)
— 5002 — 9) (P4, , (1) + 22,

Finally, let s > 2. The form of PST‘fS A)is

PST',",S()»)
A -300.---0 0 O O O O O O O
-3 A 40---0 0 0 0 O O O O -
0 -4 A 0- 0 0 0 0 0 0 0 O
0 0041 -40 0 0 O 0 O
|10 000 —-4x-50 00 0 O
|0 000 O -5x2x-500 0 -5
0 000 O O -542-40 0 O
0 000 O O 0 —4 A —4 0 O
0 000 O O O O O 0 —4 A —4
0 - 00 0 0 -50 0 0 0 -4 A

If we calculate the determinant of this matrix according
to the (s + 1)th row, and continuing as above, we get

PE () = APa,_; ()IWPA,_, (M)
— 50 (Pa,_, (1) +2%%)]
+ Pa,_, (M) [—344P4,_, (M)

+ 450 (Pa,_, (M) +2%74)]
+225P 4, ,(MPA,_ (V).

Hence the result follows. [ |

Recall that the determinant of any matrix A is equal
to the product of its eigenvalues Ax. So we have

Theorem 2.4: The formula for the sum-edge characteris-
tic polynomial of the star graph S, obtained by means of
the sum-edge matrix is

E) =A"2 A2 —n’(n— ).
Proof: Letn=2.Then
ISME(S2)| = —4 # 0.

So, none of the eigenvalues can be zero, then the form
of P;i (A is

A —n O 0 0 0 0
—-n A —nN —n -—n —n —n

0O —n A 0 0 0 0

ng AMN=]0 —-—n 0 0 0 0 0
. 0 .

O -n O --- O 0 A 0

O -n O --- O 0 0 A

If we divide the matrix into block matrices so that the
upper left one is 2 x 2 and the lower right one is (n —



2) x (n — 2) and if we use the following elementary row
operations

;Rg +Ry — Ry

n
XR4 +Ry — Ry

n
XRn + Ry, — Ro.

If the process continue, then we get

A —n 000 0 ---00
nk(n—z)nz
A
Péi(x)zo —n 0
0 —n 000 0 A0
0 —n 000 0 0 A

By Lemma 2.1, we obtain

=[»*—(n—2)n* —n?]A"2
=A"2 W =n’(n—1)].

Let nown > 3.

0On O O O 0 O
n 0O n n n n n
sy =0 "0 0 00
OnO .--- 0 0 OO
OnoO --- 0 0 OO

Thanks to elementary row operations, we see that
ISME(Sp)| = 0.

By the above argument, at least one of the eigenvalues
must be equal to zero. If A = 0, then we get

|Al — SME(Sp)| = [0/ — SM®(Sp)| = |=SM*(Sp)|
= (=1)"ISM®(Sp)| = 0.
Also
PEMN) =A""2[A2 = n’(n—1)].

In this equation Pg‘z (0) = 0 so the result is verified.
If A # 0, then we have the form of Pgi (X)) as

A —n O 0 o --- 0 0
-n A —-n —-n —-n --- —n -—n
0 —-n A 0 o --- 0 0

Pgi(k): 0O —n O 0 0O 0 ©0 0
o -n O --- 0 0 A 0
o -n O --- 0 0 O A

Proceeding as above, the result is obtained. [ |
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Now we calculate the sum-edge characteristic poly-
nomial of the complete graph K:

Theorem 2.5: The formula for the sum-edge character-
istic polynomial of the complete graph K, obtained by
means of the sum-edge matrix is

e ) =[r—200— DA+ 20— D",

Proof:
A —2(n—=1) =2(n-1)
—2(n-=1) A —2(n-—1)
P = - ~
—2(n—1) —2(n—1)
—2(n—1) —2(n—1)
—2(n-=1)
—2(n—1)
A —2(n—=1) '
—2(n—1) A

If we use the elementary row operation Ry + Ry + - - - +
R, —> Ry, we get

A=2n—1%2 1=2(n—=1)2% r—2(n—1)2
—2(n—1) A —-2(n—-1)
—2(n—1) —2(n—1)
—2(n—1) —2(n—1)

r—=2(n—=1)2
—2(n—=1)
X —2(n—=1)
—2(n—=1) by
1 1 1
—2(n—=1 x» =2(n-1)
=[»—2(n-1)?] : :
—2(n—1) —2(n—-1)
—2(n—1) —2(n—-1)
1
—2(n=1)
A —2(n—1).
—2(n=1) A

If we use the elementary row operations

2n—MDR1+R — Ry
2(n—1R1 +R3 — R3

2(n— 1Ry + Ry — Rn,
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we get

1 1 1
0 A+2(n—1 0
=[r-20-17| .
0 0
0 0

1

0

A+2(n—=1) 0

0 A+2(n—1)

=[r—20—-D’]r+2(n-D1"".

Finally, we shall calculate the sum-edge characteris-
tic polynomial of the complete bipartite graph K. We
shall omit the proof as it is similar to the above cases.

Theorem 2.6: The formula for the sum-edge charac-
teristic polynomial of the complete bipartite graph K
obtained by means of the sum-edge matrix is

() = A2 A2 — (r +9)%rs].
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